Abstract-This paper analyzes the performance of multipleinput multiple-output (MIMO) full-duplex (FD) relaying systems, where the source and destination nodes are equipped with single antenna and communicate via a dual-hop amplify-and-forward (AF) relay with multiple receive and transmit antennas. The system performance due to practical wireless transmission impairments of spatial fading correlation and imperfect channel state information (CSI) is investigated. At the relay, the loopback self-interference (LI) is mitigated by using the receive zero-forcing (ZF) precoding scheme, then steering the signal to the destination by using a maximum and ratio transmission (MRT) technique. To this end, new exact closed-form expressions for the outage probability are derived, where the case of arbitrary, exponential, and no correlations are considered. Meanwhile, for better system performance insights, simpler outage probability lower bound expressions are also included, through which the achievable diversity order of the receive ZF/MRT scheme is shown to be min(N R − 1, N T ), where N R and N T are the number of relay receive and transmit antennas, respectively. Numerical results sustained by Monte Carlo simulations show the exactness and tightness of the proposed closed-form exact and lower bound expressions, respectively. In addition, it is seen that the outage probability performance of FD relaying outperforms that of the conventional half-duplex (HD) relaying at low to medium signal-to-noise ratio (SNR). However, at high SNR, the performance of HD relaying outperforms that of the FD relaying. Furthermore, in the presence of channel estimation errors, an outage probability error floor is seen at high SNR. Therefore, for optimum outage performance, hybrid relaying modes that switches between HD and FD relaying modes is proposed.
I. INTRODUCTION
C OOPERATIVE relaying techniques have gained a great deal of attention due to their ability to extend network coverage and connectivity and attain higher capacity without sacrificing extra power resources. In a dual-hop relaying systems, an intermediate idle node operates as a relay between the source and destination nodes when the direct link between the source and destination is in deep fade. Two orthogonal channels are required for communications to take place in the conventional dual-hop one-way relaying networks. As a result, a significant loss of spectrum efficiency is incurred because of the inherent half-duplex (HD) relaying transmission constraint at the relay [in the HD mode, time-division duplex or frequency-division duplex is utilized to assure orthogonal transmission (also known as out-of-band full-duplex)]. Recently, full-duplex (FD) relaying, also known as in-band FD, has received a lot of research interest because of its potential to double spectral efficiency (see, e.g., [1] - [13] ). This is due to the fact that FD relays receive and retransmit its information at the same time over the same frequency. Hence, efficiently utilizing the spectrum resources of the system. However, the main limitation of FD relaying is the loopback self-interference (LI) caused by the signal leakage from the relay's transmission to its own reception, namely, the large power differences between the LI (power transmitted from the FD relay) and the FD relay received signal (which is much weaker than the transmitted signal due to path loss and fading) exceeds the dynamic range of the analog-to-digital converter. Therefore, LI mitigation and cancellation is vital in the implementation of FD relaying operation [1] - [6] , [14] .
The ever-increasing demand of wireless communication devices with higher throughput led to the deployments of shortrange systems, such as small-cell systems, WiFi, and femtocells, where the cell-edge path loss is much less than that in the traditional cellular systems. Therefore, the transmission power and distance between devices has been decreased. This significant constructural modification alongside with the recent advances in antennas and radio-frequency (RF) circuit design is the breakthrough in making FD communications feasible as the LI mitigation problem becomes viable. Several LI mitigation techniques have been proposed in the literature, which may be categorized into three stages: propagation (passive) domain LI cancellation, analog and digital (active) domain LI cancellation, and spatial domain LI cancellation in the presence of multiple receive and/or multiple transmit antennas at the FD relay [3] , [5] , [6] , 0018 -9545 © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information. [10] . Meanwhile, simultaneous reception and transmission in the FD mode requires the relay to have a separate transmit and receive RF chains. In addition, theoretically, FD systems can be equipped with either a shared antenna or separate antennas. In shared antenna FD systems, only one antenna is used for both transmission and reception simultaneously, where a circulator is used to separate the received and transmitted signals. In separate antennas FD systems, two antennas are required, one for reception and the other for transmission, where natural isolation is used as a first step LI reduction between the transmit and receive antennas by using path loss. It is to be emphasized that in the case of multiple antennas FD systems, it is challenging to use shared antennas in multiple antennas FD systems as it results in severe interference between the shared antennas [3] , [5] .
Linking multiple-input-multiple-output (MIMO) with relaying systems substantially increase capacity and improve reliability. While most previously published work has focused on MIMO HD relaying transmission (see, e.g., [15] - [18] ), recent work has also considered the combination of MIMO techniques with FD relaying transmission mode. MIMO FD relaying transmission offer a powerful technique of suppressing the LI in the spatial domain and can offer higher capacity than the conventional MIMO HD relaying mode (e.g., [10] and [11] ). Therefore, in the presence of MIMO FD relaying systems, joint optimization by precoding and decoding at the transmitter and receiver, respectively, can be used to mitigate the LI effects. Zero-forcing (ZF) precoding and decoding vectors based on the conventional singular value decomposition of the LI channel is proposed in [10] to null out the LI at the relay. In addition, for simplicity and mathematical tractability, a low complexity joint precoding/decoding design for maximizing the overall signal-to-noise ratio (SNR) is investigated in [11] , where a closed-form overall SNR is derived. More specifically, both receive ZF precoding scheme with maximum-ratio transmission (MRT) scheme and maximal-ratio combining (MRC) with transmit ZF scheme have been presented.
The performance analysis of the classical MIMO HD relaying systems, with multiple antennas at the source and destination, and/or the relay, have been studied extensively in the literature (see, e.g., [15] - [18] ). A new exact closed-form expression for the outage probability of spatially correlated MIMO HD relaying systems, with multiple antennas at the source and destination applying the MRT/MRC scheme, assuming perfect channel state information (CSI), has been derived in [16] . Moreover, in [15] , the performance analysis of MIMO HD relaying beamforming is addressed, where an exact outage probability, approximate, and upper bound ergodic capacity expressions are derived. In [10] , different spatial LI suppression techniques through MIMO FD relaying are presented, namely, antenna selection, beam selection, and null-space projection.
More relevant to our work are [11] and [19] , where the outage probability and/or ergodic capacity expressions are derived. In [19] , MIMO FD relaying systems and MIMO HD relaying systems' outage probability with antenna subset selection is considered. In [11] , an exact closed-form and asymptotic outage probability expressions are addressed, where the receive ZF/MRT scheme, MRC/transmit ZF scheme, and antenna selection are considered for MIMO FD relaying systems, with multiple antennas at the source and destination, spatially uncorrelated fading and perfect CSI. It is to be emphasized that all previously published work on MIMO FD relaying systems address the outage probability performance with spatially independent antennas and perfect CSI (see, e.g., [7] , [8] , [11] , [12] , and [19] - [23] ). However, the joint impact of antenna correlation and imperfect CSI on the performance of MIMO FD relaying systems is of practical importance and has yet to be investigated.
Motivated by the aforementioned limitations and owing to the practical MIMO wireless transmission impairments, a spatial fading correlation exists due to the use of multiple transmit and receive antennas in a limited space, as well as due to poor scattering conditions and limited angular spread. Meanwhile, perfect CSI is not available as channel estimation is performed in practice, hence, a residual desired and LI channels error exist due to imperfect CSI. Therefore, this paper investigates the impact of spatial fading correlation, and channel estimation errors for both the desired and LI channels, on the performance of MIMO FD relaying systems with the receive ZF/MRT scheme.
The main contributions of this paper are summarized as follows.
1) An exact closed-form outage probability expression is derived for spatially correlated MIMO FD relaying systems with an arbitrary correlation matrix and in the presence of channel estimation errors, where the receive ZF/MRT scheme is applied to maximize the overall SNR at the FD relay. 2) A simpler special case of the outage probability expression with an exponential correlation matrix and independent antennas is also presented. In addition, a simpler tight closed-form lower bound outage probability expression is also included. Besides, the characterization of high SNR outage probability shows that the achievable diversity order is min(N R − 1, N T ), where N R and N T are the number of relay receive and transmit antennas, respectively.
3) The presented analytical expressions efficiently evaluate the outage probability of MIMO FD relaying with the receive ZF/MRT scheme. Therefore, without resorting to the time-consuming Monte Carlo simulations, the impact of some system key parameters such as the number of relay receive and transmit antennas, spatial correlation structure and coefficient, diversity order, estimation error variance, and the source transmit power on the system's outage probability are investigated. The structure of the rest of this paper is as follows. In Section II, we introduce the system model. In Section III, the instantaneous overall SNR is addressed. In Section IV, outage probability analysis is considered. Numerical results are provided in Section V. Finally, Section VI concludes this paper. Fig. 1 depicts the considered three-node MIMO FD relaying network, where the source node S is equipped with single antenna, and intends to transmit data to the destination node D, which is also equipped with a single antenna via a MIMO FD It is assumed here that there is no direct link between the source and destination due to high path loss and heavy shadowing. Meanwhile, for comparison purposes, the case of MIMO HD relaying is also included with the constraint that the total number of antennas at the HD relay is N = N R + N T .
II. SYSTEM MODEL

A. Channel Model
The statistical spatial correlation among the receiving and transmitting antennas, respectively, at the MIMO FD relay has to be characterized in practice due to space and/or scattering limitations. Therefore, the S → R channel, h 1 and the R → D channel, h 2 are subject to frequency flat correlated Rayleigh fading channel distributed according to h 1 ∼ CN (0, Ω) with
, respectively, where E(·) is the expectation operator, and † denotes the conjugate transpose, assuming that the channel coherence time equals at least two time slots (this condition is necessary for the MIMO HD relaying systems case as MIMO FD relaying systems use only one time slot to transmit its information from the S → D). The noise at the relay and destination are modeled by the complex additive white Gaussian noise with zero mean and covariance of σ 2 n I. In addition, H R denotes the residual LI R → R channel, which is the resultant error due to imperfect LI mitigation performed by antenna isolation and analog and digital cancellation at the FD relay. Here, we model the residual LI channel H R via independent Rayleigh fading channel distributed according to H R ∼ CN (0, I). In order to further reduce the effect of residual LI at the MIMO FD relaying, the receive ZF precoding scheme with MRT are performed. Note that this interference suppression and beamforming require an estimate of h 1 , h 2 , and H R , where channel estimation is required.
B. Imperfect Channel Estimation
In practice, a training sequence is used to estimate the channel. Let x and x denote the actual channel and the estimated channel, respectively. It is assumed that x and x are jointly ergodic and stationary Gaussian processes. In addition, it is also assumed that the channel estimate x and estimation error ε are orthogonal. Therefore, in the case of imperfect channel estimation, the channel can be decomposed as
where x ∈ {h 1 , h 2 , H R } denotes the true parameter value, x ∈ { h 1 , h 2 , H R } denotes the estimated parameter value, and ε ∈ {ε 1 , ε 2 , ε 3 } is the estimation error, for the S → R channel, R → D channel, and R → R self-interference channel, respectively, where ε is the channel estimation error vector (matrix in the LI channel case), distributed according to ε ∼ CN (0, σ 2 ε Υ), where Υ ∈ {Ω, Λ, I}. It is to be emphasized that the parameter σ 2 ε captures the quality of the channel estimation, which is chosen depending on the used method of estimation, and depends on the training sequence length as well as the pilot power.
III. INSTANTANEOUS OVERALL SIGNAL-TO-NOISE RATIO
Following similar derivations to [11, eq. (20) ], and with the help of [24, Prop. 1], we arrive at the following overall SNR of MIMO FD relaying [25] 
where
denotes the first-hop SNR, and P S is the source average transmit power
denotes the second-hop SNR, P R is the relay average transmit power, and
The projection matrix is given as
, with · being the Frobenius norm. As far as a simple closed-form outage probability expression is concern, (2) is mathematically intractable and does not lend itself to a closed-form outage probability expression. Therefore, in this paper, for simplicity and mathematical tractability, the estimation error covariance matrix is assumed to be distributed according to ε ∼ CN (0, σ 2 ε I). 1 Hence, the resultant overall SNR is simplified to [26] 
It is to be emphasized that in the case of perfect CSI (i.e., σ 2 ε = 0) and/or independent fading channels (i.e., Ω = Λ = I), (2) and (3) become identical and, hence, result in the same exact outage probability analysis.
The matrix P is an idempotent orthogonal projection (nullspace projection) matrix, which is used to eliminate the loopback self-interference channel (i.e., the relay receives and transmits on orthogonal subspaces). The vector h 1 = P h 1 has the same statistics as h 1 with dimensionality reduced by one [24] , hence, h 1 ∼ CN (0, Σ), where Σ = Ω(1 : N R − 1, 1 : N R − 1). For the ZF to be applicable in spatially correlated MIMO systems, channels need not be fully correlated (i.e., ρ < 1). Note that for independent fading channels (i.e., Σ = Λ = I) with perfect CSI (i.e., σ
) reduces to [11, eq. (20) ].
IV. OUTAGE PROBABILITY ANALYSIS
In this section, the information outage probability of the proposed overall SNR of MIMO FD relaying systems is investigated. Exact and lower bound expressions for the outage probability are derived for arbitrary correlation, where simpler correlation scenarios and lower bounds are also included. The outage probability is defined as the probability that the instantaneous mutual information, I = log 2 (1 + γ), falls below a target rate of R 0 bits per channel use. 3 In addition, they can be given as
where γ T = 2 R 0 − 1, and F γ (·) denotes the cumulative distribution function (CDF) of the overall SNR. 2 It is to be emphasized that c can be accurately approximated to 1, which has been proved in [25] . 3 Note that in contrast to (4), the SNR outage probability can be defined as the probability that the instantaneous overall γ falls below a threshold γ T ; Pr(γ < γ T ) = F γ (γ T ). Note that according to (4) , γ T in the case of HD relaying is given as γ T = 2 2R 0 − 1.
A. Arbitrary Correlation Case
The CDF and the probability density function (PDF) of the random variables (RVs) γ 1 and γ 2 , respectively, with arbitrary correlation matrix, can be written as [27] 
and
where Σ is the correlation matrix of h 1 with eigenvalues 
where F γ 1 (·) is the complementary CDF of γ 1 .
Theorem 1:
The exact outage probability of the overall SNR γ, with arbitrary correlation matrices, can be derived as in (8) , shown at the bottom of the page, where K v (z) is the modified Bessel function of the second kind of order v.
Proof: The proof is given in Appendix A.
2) Lower Bound Outage Probability:
The overall SNR can be upper bounded by
Note that the overall SNR upper bound for AF relaying systems (9) substitutes the exact overall SNR for the decode-andforward relaying systems.
Therefore, the outage probability of the overall SNR γ, with arbitrary correlation matrices, is lower bounded by
Proof: The proof is given in Appendix B.
B. Exponential Correlation Case
In the case of exponential correlation matrix, all eigenvalues are distinct with multiplicity of one. Therefore, (Σ) = N R − 1, τ i (Σ) = 1, (Λ) = N T , and τ m (Λ) = 1. Hence, the simplified CDF and PDF of γ 1 and γ 2 , respectively, given as
1) Exact Outage Probability:
The exact outage probability of the overall SNR γ, with exponential correlation matrices, can be written as
Proof: The proof is given in Appendix C.
2) Lower Bound Outage Probability:
The outage probability of the overall SNR γ, with exponential correlation matrices, is lower bounded by Proof: Following similar steps to the derivations of (10), the outage probability of the upper bound overall SNR can be derived by substituting the CDF of γ 1 and γ 2 into (25), which, upon tedious simplification, reduces to (14) .
3) Asymptotic Analysis: In the asymptotic high SNR regime, the asymptotic outage probability of the overall SNR γ can be expressed as
Proof: The proof follows similar steps to the derivation of [17, eq. (17)].
It is easily seen from the aforementioned asymptotic expression that the achievable diversity order of correlated MIMO FD relaying systems with the ZF/MRT scheme is min (N R − 1, N T ). Furthermore, the negative impact of correlation on the outage probability is clearly seen here, where the outage probability increase is quantified by the factors
. Meanwhile, the outage probability increase due to estimation error is determined by the factors
C. Independent Case
In the case of independent channels, the CDF and PDF of the RVs γ 1 and γ 2 are, respectively, given as
1) Exact Outage Probability:
The exact outage probability of the overall SNR γ, with independent channels, can be derived as (18) , shown at the bottom of the next page.
Proof: The proof follow similar steps to the derivation of (10) .
2) Lower Bound Outage Probability: The outage probability of the overall SNR γ, with independent channels, is lower bounded by
Proof: The proof follow similar steps to the derivation of (11).
3) Asymptotic Analysis: To validate and characterize the achievable diversity order of the MIMO FD relaying system receive ZF/MRT scheme at the AF relay, we approximate (19) in the asymptotic high SNR regime, where γ 2 = κγ 1 and where κ denotes a finite constant number, and where γ 1 → ∞. Hence, the asymptotic outage probability of the overall SNR γ can be expressed as
Proof: The proof is given in Appendix D. Equation (20) can be further simplified to
It is straightforward to show from (21) that the achievable diversity order of the ZF/MRT MIMO FD relaying systems is min (N R − 1, N T ) . Therefore, correlation has no impact on the diversity order of the system.
D. Hybrid Relaying Modes
The case of MIMO HD relaying with the MRC/MRT scheme [25, eq. (5) 
is given in (3), and γ HD is given in [25, eq. (5)].
V. NUMERICAL RESULTS
In this section, we analyze and validate the presented theoretical results with Monte Carlo simulations. Without loss of generality, two common correlation scenarios are considered here; the first is the uniform correlation case, where and the second is the exponential correlation case, where Σ(i, j) = ρ |i−j | , with ρ ∈ [0, 1) being the correlation coefficient. For simplicity, symmetric settings (ρ 1 = ρ 2 ) are assumed for both links, with a target rate of R 0 = 2 bits per channel use. The Cholesky decomposition method is used to transform a set
of uncorrelated Gaussian random vectors to a set of correlated random vectors of a predefined correlation matrix. 6 The correlation coefficient is defined using the practical channel model given in [30] , assuming that there is a uniform linear antenna arrays at the relay. In addition, let θ r and θ t be the mean angle or arrival (AoA) and mean angle of departure (AoD), respectively. In addition, let σ )), respectively, where the function f (·) is used to differentiate between different correlation scenarios (i.e., the defined uniform and exponential correlation). With these assumptions, the correlation coefficient ρ can be estimated as
This implies that large antenna spacing and/or large cluster angle spread results in small spatial correlation and vice versa. For all results in this section, it is assumed that θ r = θ t = π 2 . In Fig. 2 , the outage probability of MIMO FD relaying against the first-hop SNR is presented with different correlation matrix scenarios, where Monte Carlo simulations of (4) is used to validate the new closed-form analytical expressions (8), (13) , and (18) . It is seen that the simulation and proposed analytical expressions provide a perfect match that corroborate the exactness of the proposed exact closed-form analytical expressions. In addition, the tightness of the proposed lower bound and asymptotic expressions are also verified. The chosen values of the number of relay receive and transmit antennas in the FD relaying case are shown as (N R , N T ), where, in the HD relaying, they are shown as (N ). Fig. 3 shows the effect of imperfect CSI on the MIMO FD relaying outage probability in the case of fixed antennas spacing and exponential correlation matrix. The tightness of the approximation of the estimation error covariance is also verified. A higher outage probability degradation is seen as the estimation error variance σ 2 ε increases, where, in the presence of imperfect CSI, an error floor is seen at high SNR. In  Fig. 4 , the outage probability of MIMO FD relaying with the 6 The Cholesky decomposition of the predefined correlation matrix Υ may be derived as
where U is a unitary eigenvector matrix, and Ψ is a diagonal matrix whose entries are the eigenvalues of Υ. Therefore, a spatially correlated channel random vector y is generated by y = Lx, where x is a vector of independent RVs distributed according to x ∼ CN (0, I) and L = U √ Ψ. Therefore, y ∼ CN (0, LL † ); note that Υ = LL † . receive ZF/MRT scheme is shown with different antenna configurations, where MIMO HD relaying with MRC/MRT is also presented. For instance, once comparing the FD relaying settings (3, 3) with the HD relaying of (6) and (3) for the separate and shared FD relaying antenna system configurations. It is seen that FD relaying outperforms the conventional HD relaying in the practical SNR range. Furthermore, a performance improvement is seen as a result of higher diversity order and/or array gain. For simplicity, it is assumed that σ Fig. 5 shows the impact of imperfect CSI on MIMO FD relaying, HD relaying, and hybrid relaying outage probability 7 with variable antenna spacing. It is to be emphasized here that the degradation in outage probability due to spatial correlation is higher in MIMO HD relaying compared to MIMO FD relaying systems since more antennas are planted on the same limited space. Meanwhile, the degradation in outage probability due to estimation error is higher in the MIMO FD relaying systems owing to the addition of the estimation error of the loopback self-interference channel. Therefore, for optimum performance, hybrid relaying modes are proposed, which switch between HD and FD relaying modes.
VI. CONCLUSION
In this paper, new closed-form expressions for the outage probability of spatially correlated MIMO FD relaying with the receive ZF/MRT are presented, where simpler lower bounds are also included. The case of imperfect CSI is also addressed. Numerical results demonstrated that FD relaying systems outperform HD relaying systems at low to medium SNR. In addition, in the presence of channel estimation errors, an outage probability error floor is seen as SNR increases. Besides, the performance degradation due to imperfect CSI is higher in the FD relaying case because of the extra LI channel estimation errors. Furthermore, although the source and destination are equipped with one antenna, the system performance can be improved by appropriately choosing the precoding scheme (receive ZF/MRT or MRC/transmit ZF). For superior system performance, receive ZF is performed when N R > N T , and transmit ZF is performed when N R < N T . However, when N R = N T , both receive ZF and transmit ZF have the same performance assuming symmetric settings (ρ 1 = ρ 2 ) case, as in (24) , shown at the bottom of the page. APPENDIX A PROOF OF THEOREM 1 From (7), it can be shown that the CDF of the overall SNR is given in (24) .
With the aid of [31, eq. (3.471.9)], we arrive at (8) , which concludes the proof. APPENDIX B PROOF OF (11) From the overall SNR upper bound (9), we have F γ u p (γ T ) = Pr (min (γ 1 , γ 2 ) < γ T )
which, upon substituting the CDF of γ 1 and γ 2 , reduces to (10), which concludes the proof.
APPENDIX C PROOF OF (14) From (8), the CDF of the overall SNR can be derived as 
Substituting (28) and (29) into (19) yields (20) , which concludes the proof. 
